Abstract. We consider the component problem on the sets of weighted composition operators on the spaces of bounded harmonic and analytic functions on the open unit disk with the operator norms, respectively. Especially, we shall determine path connected components in the sets of noncompact weighted composition operators.
Introduction
Throughout this paper, let h ∞ and H ∞ be the spaces of bounded harmonic and analytic functions on the open unit disk D, respectively. For f ∈ h ∞ , we write f ∞ = sup{|f (z)| : z ∈ D}. We may define f * (e iθ ) = lim where P z is the Poisson kernel for the point z ∈ D and m is the normalized Lebesgue measure on ∂D. Then u ∈ h ∞ . Besides, for f ∈ h ∞ , f * = f on D. Let S(D) be the set of analytic self-maps of D. For each ϕ ∈ S(D), we may define the composition operator C ϕ by C ϕ f = f •ϕ, where f is analytic on D. Composition operators on various analytic function spaces have been studied extensively during the past few decades. See [2, 14] for an overview of these results. Presently, some of the open questions in this field are related to the topological structure of the set of composition operators. For even f ∈ h ∞ , C ϕ f = f • ϕ is also harmonic on D. So the question of properties of C ϕ on h ∞ naturally arises. In [1] , Choa and the first and third authors first considered properties of composition operators on h ∞ and, although h ∞ is not algebra, introduced the concept of weighted composition operators M u C ϕ on h ∞ defined by
for u ∈ L ∞ (∂D) and z ∈ D. We denote by C w (h ∞ ) the set of nonzero weighted composition operators on h ∞ with the operator norm M u C ϕ h ∞ . More precisely,
is the set of composition operators on h ∞ with the operator norm. Similarly we may define C(H ∞ ), C w (H ∞ ) and M u C ϕ H ∞ . Indeed, C w (H ∞ ) = {M u C ϕ : u ∈ H ∞ , u = 0, ϕ ∈ S(D)}. Let M u C ϕ ∈ C w (H ∞ ). Then u ∈ H ∞ , u = 0 and M u C ϕ f = u(f • ϕ) for f ∈ H ∞ . In this paper, we investigate path connected components in C w (h ∞ ), C w (H ∞ ) and in other spaces. In [12] , MacCluer, Zhao and the third author determined path connected components in C(H ∞ ) (see also [8] See [6, 11] for other subjects on C(H ∞ ). This paper is organized as follows. In the next section we shall recall precise arguments on L ∞ (∂D) functions investigated in [9] and study the component problem of C w (h ∞ ) in Section 3. In Theorem 3.6, we shall determine path connected components in C w (h ∞ ). In proving Theorems A and 3.6, some paths cross the space of compact weighted composition operators. Let C w,0 (h ∞ ) and C w,0 (H ∞ ) be the spaces of noncompact weighted composition operators on h ∞ and H ∞ with the operator norms, respectively. In [7] , path connected components in C w,0 (H ∞ ) were studied, but there remain some problems ( [7, Problem 5.3] ). We shall determine path connected components in C w,0 (h ∞ ) in Theorem 3.11. In Section 4, we consider path connected components in C w (H ∞ ) and furthermore characterize path connected components in C w,0 (H ∞ ) in Theorem 4.7, which answers problems given in [7] . We may say that the path connected components problem for weighted composition operators is solved completely on h ∞ and H ∞ with respect to the operator norms.
The key in this paper is the argument on the boundary ∂D as given in [9, 10] .
L ∞ (∂D) functions
In order to study L ∞ (∂D) functions, we recall some elementary facts and notation used in [9] . For f ∈ h ∞ , let R f be the set of e iθ ∈ ∂D at which f has a radial limit. We define a function f
We have m(R f ) = 1 and 
We note that the value of the function u is well defined on L u and
e. on ∂D (see [9] ). For each number 0 < r < 1, let 
We have 
Hence ρ(z, w) ≤ P z − P w 1 ≤ 2ρ(z, w).
Weighted composition operators on h

∞
In this section, we shall study path connected components in 
Proof. We may assume that u = v. It is not difficult to find a continuous function
Proof. By the assumption, there is a constant r, 0 < r < 1, such that
By Lemma 2.3,
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We have
Let C w,c (h ∞ ) be the set of compact weighted composition operators in C w (h ∞ ).
. By the proof of Lemma 3.2, both paths which connect "M u C ϕ and
. By the proof of Lemma 3.3 again, the path which connects
. Thus we get the assertion.
The following is proved in [9, Theorem 4.1].
Theorem 3.6. Let ϕ ∈ S(D). Then we have the following. (i) If m({|ϕ
* | = 1}) = 1, then {M u C ϕ ∈ C w (h ∞ ) : u ∈ L ∞ (∂D), u =
0} is open and closed, and is a path connected component in
C w (h ∞ ) containing C ϕ . (ii) Suppose that m({|ϕ * | = 1}) < 1. Let X = M u C ψ ∈ C w (h ∞ ) : m({|ψ * | = 1}) < 1, u ∈ L ∞ (∂D), u = 0 .
Then X is open and closed, and is a path connected component in
. This is a contradiction. Thus we get ψ = ϕ. 
is open and closed, and is a path connected component in
. Thus we get (ii).
Next we will consider the connected component in the set C w,0 (h ∞ ) of noncompact weighted composition operators on h ∞ . The following lemma follows from the proofs of Lemmas 5 and 6 in [12] .
we have
Then m(Ω u ) = 1. For each 0 < R < 1, we put
satisfying the following conditions:
Proof. By condition (i) and Lemma 3.1, there exists a positive number ε such that uχ {|ϕ * |>r} ∂D > ε for every 0 < r < 1. Since m(Ω u ) = 1, we have
Hence uχ 
By (3.3)-(3.5) and Lemma 3.1, we have
is a continuous map. Let {t n } n be a sequence in [0, 1] satisfying t n → t 0 . We may assume that t n = t 0 for every n. We shall prove that T t n − T t 0 h ∞ → 0 as n → ∞. We have
We set
and by (3.1) we have uχ A ∂D < ε. Hence
by Lemma 2.3.
For positive integers n satisfying 0 < |t n − t 0 | < (1 − R 0 )/R 0 , by Lemma 3.7 we have
Since we may take ε sufficiently small, we have lim
Lemma 3.9. If ϕ ∈ S(D) and ϕ
, by Lemma 3.1 there exists a positive constant δ such that uχ {|ϕ * |>r} ∂D > δ for every 0 < r < 1. Let {r n } n be a sequence of increasing numbers satisfying 0 < r n < 1 and r n → 1. By Lemma 2.2, there is a sequence {e iθ n } n in L u such that |u(e iθ n )| > δ, e iθ n ∈ L χ {|ϕ * |>r n } and e iθ n ∈ {|ϕ * | > r n }. We may assume that u(e iθ n ) → α and |α| ≥ δ. By Lemma 2.1, there is a sequence of measurable subsets
Hence sup
It is easy to see that
we have sup
Since u 0 = αu and
Let u ∈ L ∞ (∂D). For 0 < r < 1, we also write In the following theorem, we determine path connected components in C w,0 (h ∞ ). See Theorem 3.6 for path connected components in C w (h ∞ ).
Theorem 3.11. (i) Let ϕ ∈ S(D). If
0 < m({|ϕ * | = 1}) = m({|ϕ * | > r}) for 0 < r < 1 sufficiently close to 1, then M u C ϕ ∈ C w,0 (h ∞ ) : u ∈ L ∞ (
∂D) is open and closed, and is a path connected component in
C w,0 (h ∞ ). (ii) The set X := M u C ϕ ∈ C w,0 (h ∞ ) : u ∈ L ∞ (∂D), m({|ϕ * | = 1}) < m({|ϕ * | > r}) for any r, 0 < r < 1
is open and closed, and is a path connected component in
and ϕ = ψ. By Lemma 3.1, there exists a positive number δ satisfying uχ {|ϕ * |>r} ∂D > δ for every 0 < r < 1. Since 0 < m({|ϕ * | = 1}) = m({|ϕ * | > r}) for 0 < r < 1 sufficiently close to 1, we have uχ {|ϕ * |=1} ∂D > δ. By Lemma 3.5, we have
. This is a contradiction, so
is closed. By Lemma 3.9, we get (i). (ii) We divide the proof into three steps.
Step 1. Let ϕ ∈ S(D) with ϕ ∞ = 1 satisfying
for every 0 < r < 1. Then there is a sequence of distinct points {e iθ n } n in L ϕ * such that |ϕ * (e iθ n )| < 1 and |ϕ * (e iθ n )| → 1. We may assume that e iθ n → e iθ 0 , e iθ n = e iθ 0 for every n ≥ 1 and ϕ [3] ). Take a sequence of closed subarcs {I n } n≥1 in ∂D such that e iθ n is the center of I n and I n ∩ I k = ∅ for n = k. We fix 0 < r 0 < 1. For z ∈ D, we write Δ(z) = {w ∈ D : ρ(w, z) < r 0 }. By Lemma 2.1, for each n ≥ 1 there exists a measurable subset E n such that
is sufficiently small. So we may assume that
We have ϕ * χ E n ∂D < 1. Since p ∈ A(D) and p(e iθ n ) = ϕ * (e iθ n ), moreover we may assume that {p(e iθ ) : e iθ ∈ E n } ⊂ Δ(ϕ * (e iθ n )).
By [4, p. 4], we have
and, as before, for each 0 < R < 1 we set
Take R 0 satisfying 2r 0 1 + r 2 0 < R 0 < 1.
Then we have
Step 2. Suppose that ψ ∈ S(D), ψ ∞ = 1 and m({|ψ * | = 1}) < m({|ψ * | > r}) for every 0 < r < 1. By Step 1, there exist a function q ∈ A(D) and a point e it 0 ∈ ∂D satisfying C ψ ≈ C q , |q(e it 0 )| = 1 and |q(z)| < 1 for z ∈ D \ {e it 0 }. In this step, we shall show that if e iθ 0 = e it 0 , then C p ≈ C q . Suppose that e iθ 0 = e it 0 . Then there is a sequence of distinct points {e it n } n in ∂D such that e it n → e it 0 and e it n = e it 0 for every n. Moreover, we may assume that {e
Step
If e iθ 0 = e it 0 , then by Step 2 and Lemma 3.9 we have
Then m({|ϕ * n | = 1}) > 0, and for each n there is a number r n , 0 < r n < 1, such that
This shows that u = 0 a.e. on {|ϕ * | = 1} and 
By (3.8), m(E r ) > 0 for every r, and by (3.7) there is a positive integer n 0 such that m(E r ∩ {|ϕ * n | = 1}) = 0 for n ≥ n 0 . Let
Then m(G r ) = m(E r ) > 0 and sup
ess sup
by (3.9) = δ ess sup
This is a contradiction. Thus X is open in C w,0 (h ∞ ), and we get (ii). 
Weighted composition operators on H
∞ For M u C ϕ , M v C ψ ∈ C w (H ∞ ), we write M u C ϕ ∼ M v C ψ if there is a continuous map [0, 1] t → M u t C ϕ t ∈ C w (H ∞ ) such that M u 0 C ϕ 0 = M u C ϕ and M u 1 C ϕ 1 = M v C ψ . We note that M u C ϕ ∈ C w (H ∞ ) if
Theorem 4.1. (i) Let ϕ ∈ S(D). If m({|ϕ
* | = 1}) > 0, then {M u C ϕ : u ∈ H ∞ , u = 0
)} is open and closed, and is a path connected component in
is closed, and is a path connected component in
Proof. By [10, Lemma 4.7] , M u C ϕ is compact on H ∞ if and only if M u C ϕ is compact on h ∞ . By Lemma 3.1, we get the assertion.
We put
It is known that [12] ). Let C w,c (H ∞ ) be the set of compact weighted composition operators in C w (H ∞ ). 
In Theorem 4.5, since M u C ϕ ∈ C w,0 (H ∞ ), we have u = 0, and by condition (ii) we have m {|ϕ * | = 1} ∪ {|ψ * | = 1} = 0. In [7, Theorem 5 .2], we proved a similar theorem using some work on the maximal ideal space of L ∞ (∂D). Condition (ii) in Theorem 4.5 is much simpler than the corresponding one in [7] .
There is a big difference in properties between C w (h ∞ ) and C w (H ∞ ). For a measurable subset E of ∂D satisfying 0 < m(E) < 1, there is u ∈ h ∞ such that u * = 0 a.e. on E and u = 0, but there are no u ∈ H ∞ satisfying u * = 0 a.e. on E and u = 0.
The following follows from [10, Theorem 4.1].
The following is the main theorem in this section. Compare Theorem 4.7 with Theorems 3.11 and 4.1.
Theorem 4.7. (i) Let ϕ ∈ S(D). If m({|ϕ
* | = 1}) > 0, then {M u C ϕ : u ∈ H ∞ , u =
0} is open and closed, and is a path connected component in
is closed, and is a path connected component in C w,0 (H ∞ ).
Proof. (i) Let ϕ ∈ S(D) and m({|ϕ
. This is a contradiction. Therefore ψ = ϕ and (ii) We divide the proof into three steps. Some parts of the proof are similar to those in Theorem 3.11. 
Take a sequence of closed subarcs {I n } n≥1 in ∂D such that e iθ n is the center of I n and I n ∩ I k = ∅ for n = k. We fix 0 < R 0 < 1. For z ∈ D, we write Δ(z) = {w ∈ D : ρ(w, z) < R 0 }. By Lemma 2.1, for each n ≥ 1 there exists a measurable subset E n such that
We have ϕ * χ E n ∂D < 1 and ϕ
, moreover we may assume that
For each 0 < R < 1, we put
. So we may assume that m(T R ) < 1 for every 0 < R < 1.
To show C ϕ ≈ C p , take a sequence of increasing numbers {R k } k such that 2R 0 /(1 + R 2 0 ) < R k < 1 and R k → 1. By (4.1) and (4.2), we have
is a set of mutually disjoint sets and
Let {a k } k≥1 be a sequence of positive numbers such that 0 < a k < 1, lim 
Then θ j → 0 as j → ∞. Put
By the theorems of Riemann mapping and Carathéodory, there is a function Also, we have that |g 1 (e it k )| < 1, g 1 (e it k ) → 1 as k → ∞ and (g j • h 0 )(e it k ) = g j (1) = 1 for every j ≥ 2 and k ≥ 1. Thus we get that ϕ n (e it k ) = g 1 (e it k ) = ϕ(e it k ) for every k ≥ 1 and n ≥ 2, |ϕ(e it k )| < 1 and ϕ(e it k ) → 1 as k → ∞. We have
Hence m({|ϕ n | = 1}) > 0, {|ϕ n | = 1} is a closed subarc of ∂D and {|ϕ n | = 1} converges to the point 1. Since ϕ n → ϕ uniformly on D and ϕ n (e it k ) = ϕ(e it k ), there is a closed subarc J k of ∂D centered at e it k such that for each fixed k, Moreover, we may assume that J k ∩ J = ∅ for k = . Then 1 / ∈ J k for every k. 
Since |u * | = 1 a.e. on J k , we have (4.10) sup 
